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1
$f\in L^{2}(\Omega)$ , $u$ .
$\{\begin{array}{ll}-\Delta u=f in \Omega,u=0 \end{array}$
on $\partial\Omega$ .
$\zeta l$ . ,
, $H_{0}^{1}$ $L^{2}$ .
2
$\Omega$ , .




$n$ , $p_{1},p_{2},$ $\cdots,p_{n}$ , $\omega_{1},\omega_{2},$ $\cdots,\omega_{n}$ .
1614 2008 180-186 180
$u$ [1][2]:
$u(x, y)=w(x, y)+ \sum_{k=1}^{n}\lambda_{k^{r}}I_{k}^{1}\sigma_{k}(x,y)$ (2.1)
$w(x,y)\in H^{2}(\Omega)\cap H_{0}^{1}(\Omega),$ $\lambda_{k}$ , $\sigma_{(}x,y$ ) $\in H_{0}^{1}(\Omega)$
$\sigma_{k}(x, y)\sim r^{\pi/\omega_{k}}\sin(\frac{\pi}{\omega_{k}}\theta)$ ,
$(r,\theta)$ , $T_{k}$ $\sigma k$ , pk $\not\in$ , $\theta=0$
$\theta=\omega k$ $\Omega$ .
$\sigma k\ovalbox{\tt\small REJECT}_{arrow}’$ ,
$\sigma_{k}(x, y)=\{\begin{array}{ll}(r^{\pi/\omega_{k}}-3r^{2-\pi/\omega_{k}}+2r^{3-2\pi/(dk})\sin(\frac{\pi}{\omega_{k}}\theta), (r<1),0, (r\geq 1),\end{array}$
( , ).
, $\Omega$ $D$ . $D$
.
$D$
$\tau_{1},$ $\tau_{2},$ $\cdots,$ $\tau_{m}$
, $\tau_{j}$ $l(\tau_{j})$ $r_{k}(\tau_{j})$ .
$l(\tau_{j})=\{\begin{array}{l}fiX\Psi \text{ }/\text{ }’ J\backslash \text{ }\vee\backslash x\text{ })\grave D \text{ }5\text{ }, (\tau_{j}t\grave{\grave{l}}\ovalbox{\tt\small REJECT} E\Psi_{\text{ }}/\text{ }\#\yen),\sqrt{\frac{a^{2}+b^{2}}{2}}, (\grave{\grave{\backslash }}--- \text{ }\Psi_{\text{ }}^{\text{ }Q*}. \text{ } a,b\ovalbox{\tt\small REJECT}h-gX \text{ } t^{a^{--}}-iE \text{ }\xi \text{ } ).\end{array}$
$r_{k}( \tau_{j})=\min_{(x,y)\in\tau_{j}}|pk-(x,y)|$ .
$c_{j}$ , $\tau_{j}$ $1/\pi,$ $\tau_{j}$ , $\tau_{j}$ $\phi\in H^{2}$
$\Vert\Delta\phi\Vert\leq c_{j}l(\tau_{j})|\phi|_{H^{2}}$ $c_{j}\geq 1/\pi$ . $\tau_{j}$
$c_{j}=0.494$ [3]. , $C_{D}^{1}= \max_{j}c_{j}$ .
, $D$ $h\leq 1,$ $\alpha k>\omega_{k}/\pi$ . $\beta_{k}\leq h^{-(\alpha_{k}-1)}$ ,
$l( \tau_{j})\leq\min_{k}(\max(\beta_{k}h^{\alpha_{k}},$ $hr_{k}(\tau_{j})^{(\alpha_{k}-1)/\alpha_{k}}))$ , $l(\tau_{j})\leq h$ ,
. , $h^{\alpha_{k}}$ , 1
$h$ .
, 2 $L$ , $h=1/M,$ $\alpha_{k}=2,$ $\beta_{k}=1$






$\overline{\sigma_{k}}(x, y)=\{\begin{array}{l}\{((3-\frac{\pi}{\omega k})h_{k}^{-\alpha_{k}(2-\pi/\omega_{k})}-3(1+\frac{\pi}{\omega_{k}})h_{k}^{-\pi\alpha_{k}/\omega_{k}}+\frac{4\pi}{\omega_{k}}\cdot h_{k}^{-\alpha_{k}(2\pi/\omega_{k}-1)})r^{2}-((2-\frac{\pi}{\omega_{k}})h_{k}^{-\alpha_{k}(3-\pi/\omega_{k})}-\frac{3\pi}{\omega_{k}}\cdot h_{k}^{-\alpha_{k}(1+\pi/\omega_{k})}+(\frac{4\pi}{\omega_{k}}-2)h_{k}^{-2\pi\alpha_{k}/\omega_{k}})r^{3}\}x\sin(\frac{\pi}{\omega_{k}}\theta), (r\leq h_{k}^{\alpha_{k}}),(r^{\pi/\omega_{k}}-3r^{2-\pi/\omega_{k}}+2r^{3-2\pi/\omega_{k}})\sin(\frac{\pi}{\omega_{k}}\theta), (h_{k}^{\alpha_{k}}<r<1),0, (1\leq r).\end{array}$
. $h_{k}=\beta_{k}^{1/(\alpha_{k}-1)}h$ .
$\sigma_{k}$








$\Vert w-\Pi w\Vert_{H_{0}^{1}(\Omega)}\leq C_{D}h\Vert f\Vert_{L^{2}(\Omega)}+C_{D}h\sum_{k=1}^{n}\sqrt{\frac{3(21\pi-5\omega_{k})(\omega_{k}-\pi)}{8\pi}}|\lambda_{k}|$ ,
$\Vert\overline{\sigma_{k}}-\Pi\overline{\sigma_{k}}\Vert_{H_{0}^{1}(\Omega)}^{2}\leq\frac{C_{D}^{2}\alpha_{k}(45\omega k-34\pi)(\omega_{k}-\pi)h^{2}}{20e(\pi\alpha_{k}-\omega_{k})}+\frac{C_{D}^{2}\alpha_{k}(\omega_{k}-\pi)^{2}h^{2}}{\pi\alpha_{k}-\omega_{k}}$ ,
$\Vert\overline{\sigma_{k}}-\sigma_{k}\Vert_{H_{0}^{1}(\Omega)}^{2}\leq\frac{5(\omega_{k}-\pi)^{2}\beta_{k}^{2/(\alpha_{k}-1)}h^{2}}{46\pi}+\frac{11\alpha_{k}\omega_{k}^{2}(\omega_{k}-\pi)\beta_{k}^{2/(\alpha_{k}-1)}h^{2}}{224e\pi(\pi\alpha_{k}-\omega_{k})}$
, $\lambda_{k}\}$ Lemma31 ,
$|\lambda_{k}|\leq\Vert T_{k9k}(x, y)\Vert_{L^{2}(\Omega)}\Vert f(x, y)\Vert_{L^{2}(\zeta))}$ .
,
$gk(x, y)=$
$\{\begin{array}{ll}G_{k}(r, \cos(\frac{2\pi}{\omega_{k}}\theta), \cos(\frac{2\pi}{\omega_{k}}\theta)), (0\leq\theta\leq\omega_{k}),G_{k}(r, (\frac{2\pi-\omega_{k}}{\omega_{k}})^{2}(\frac{4\pi(\omega_{k}-\pi)}{(2\pi-\omega_{k})^{2}}+\cos(\frac{2\pi}{2\pi-\omega_{k}}\theta)), 1), (\omega_{k}-2\pi<\theta<0),\end{array}$
$G_{k}(r,X,Y)= \frac{1}{\sqrt{2}\pi}\sqrt{\sqrt{r^{-4\pi/\omega_{k}}+1-2r^{-2\pi/\cdot kx}}+1-r^{-2\pi/\omega}Y}$ .
$\Vert T_{k}gk(x,y)\Vert_{L^{2}(\Omega)}$ , $\lambda_{k}$ ,
$|\lambda_{k}|\leq\sqrt{\frac{(3\pi-\omega_{k})\omega_{k}}{2\pi^{4}(\omega_{k}-\pi)}(3\pi-2\omega_{k}+2(\omega_{k}-\pi)|\Omega|)}\cdot\Vert f\Vert_{L^{2}(\Omega)}$ .
,












$\cross\sqrt{\frac{3\pi-2\omega_{k}+2(\omega_{k}-\pi)|\Omega|}{\pi\alpha_{k}-\omega_{k}}}$ . $\Vert f\Vert_{L^{2}(\Omega)}$ .
Aubin-Nitsche trick $L^{2}$ ,
$\Vert u-u_{h}\Vert_{L^{2}(\Omega)}\leq h^{2}\{C_{D}+\sum_{k=1}^{n}(\sqrt{\frac{(-6\omega_{k}^{2}+26\pi\omega_{k}-9\pi^{2})\alpha_{k}-(2\omega_{k}-\pi)(\omega_{k}+8\pi)}{39}}c_{D}$
$+\sqrt{\frac{4\pi(17\omega_{k}-15\pi)\alpha_{k}-(44\omega_{k}^{2}-41\pi\omega_{k}-2\pi^{2})}{12000}}2\beta_{k}^{1/(\alpha_{k}-1)}$







Proof. $p_{k}$ , $\theta=0$ $\theta=\omega_{k}$ $(r, \theta)$ .
$\epsilon<1$ , $\tilde{\xi_{\epsilon}}$ ,
$\{\begin{array}{ll}-\Delta\tilde{\xi_{\epsilon}}=-1_{0<\theta<\omega_{k}}\cdot 1_{r<\epsilon}\cdot\Delta\xi_{\epsilon} in \Omega,\tilde{\xi_{\epsilon}}=0, on \partial\Omega,\end{array}$
,
$\xi_{\epsilon}(x, y)=\{\begin{array}{ll}(3\epsilon^{-2\pi/\omega_{k}}r^{2\pi/\omega_{k}}-2\epsilon^{-3\pi/\omega_{k}}r^{3\pi/\omega_{k}})gk(x, y), (r<\epsilon, 0\leq\theta\leq\omega k),gk(x, y), (r\geq\epsilon or \omega_{k}-2\pi<\theta<0).\end{array}$
$\xi_{\epsilon}$ , $\tilde{\xi_{\epsilon}}$ $\partial\Omega$ $0$ , $\xi_{\epsilon}-\tilde{\xi_{\epsilon}}$ $\partial\Omega$ .




$|\tilde{\xi_{\epsilon}}(x, y)|\leq|\xi_{\epsilon}\vee(x, y)|$ .
, $\tilde{\xi_{\epsilon}}$ $u$ $H_{0}^{1}(\Omega)$ , ,
$//\Omega f\tilde{\xi_{\epsilon}}dxdy=//\Omega\nabla u\cdot\nabla\tilde{\xi_{\xi}}dxdy=-//f21_{0<\theta<\omega_{k}}\cdot 1_{r<\epsilon}\cdot u\Delta\xi_{\epsilon}dxdy$
$=-//\Omega 1_{0<\theta<\omega_{k}}\cdot 1_{r<c}\cdot u(x, y)$
$x\Delta\{k$
$\cross G_{k}(r,$ $\cos(\frac{2\pi}{\omega_{k}}\theta),$ $\cos(\frac{2\pi}{\omega_{k}}\theta))\}dxdy$ .
, $r<\epsilon$
$\Delta\{(3\epsilon^{-2\pi/\omega_{k}}r^{2\pi/\omega_{k}}-2\epsilon^{-3\pi/\omega_{k}}r^{3\pi/\omega_{k}})$
$\cross G_{k}(r,$ $\cos(\frac{2\pi}{\omega_{k}}\theta),$ $\cos(\frac{2\pi}{\omega_{k}}\theta))\}$




$= \frac{6\pi\epsilon^{-3\pi/\omega_{k}}}{\omega_{k}^{2}}\cdot(1+O(e^{2\pi/\omega_{k}}))//\Omega 1_{r<\epsilon}\cdot u(x,y)r^{-2+2\pi/dk}\sin(\frac{\pi}{\omega_{k}}\theta)dxdy$
$= \frac{6\pi\epsilon^{-3\pi/\omega_{k}}}{\omega_{k}^{2}}\cdot(1+O(\epsilon^{2\pi/w_{k}}))\lambda_{k}$
$x/0\epsilon/0\omega_{k(r^{\pi/\omega_{k}}-3r^{2-\pi/\omega_{k}}+2r^{3-2\pi/\omega_{k}})r^{-2+2\pi/\omega}k\sin^{2}}(\frac{\pi}{\omega_{k}}\theta)rd\theta dr$




$+O( \epsilon^{-3\pi/\omega_{k}})/0\epsilon/0\omega_{k}(\epsilon^{2\pi/\omega_{k}}-r^{2\pi/\omega_{k}})\frac{\partial}{\partial r}w(x, y)\sin(\frac{\pi}{\omega_{k}}\theta)d\theta dr$ .





$\cross(/0^{\epsilon}/0^{\omega_{k}}|\frac{\partial}{\partial r}w(x, y)|^{q}rd\theta dr)^{1/q}$
$\leq\Vert f\Vert_{L^{2}(\Omega)}\Vert\xi_{\epsilon}\Vert_{L^{2}(\Omega)}$
$+O( \epsilon^{(\omega_{k}^{2}-\pi^{2})/(3\omega_{k}+\pi)/\omega_{k}})(/0^{1}/0^{\omega_{k}}|(1-r^{2\pi/\omega_{k}})\sin(\frac{\pi}{\omega_{k}}\theta)|^{p}r^{-p/q}d\theta dr)^{1/p}$
$\cross(/0^{\epsilon}\int_{0}^{\omega_{k}}(|\frac{\partial}{\partial x}w(x, y)|+|\frac{\partial}{\partial y}w(x, y)|)^{q}rd\theta dr)^{1/q}$
$\leq\Vert f\Vert_{L^{2}(\Omega)}\Vert\xi_{\epsilon}\Vert_{L^{2}(\zeta l)}+O(\epsilon^{(\omega_{k}^{2}-\pi^{2})/(3\omega_{k}+\pi)/\omega_{k}})(/o^{1}r^{-p/q}d\theta dr)^{1/p}\Vert\nabla w\Vert_{Lq(\Omega)}$
$w\in H^{2}$ , Sobolev $\nabla w\in L^{q}$ , $-p/q>-1$ $\epsilonarrow 0$
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